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Abstract

This paper augments the theory of optimal linear income taxation
by taking into account human capital accumulation as a dimension
of labor supply. The distribution of earning potentials is endogenous
because agents differ in the ability to learn. Taxation affects utilization
rates of human capital through labor supply responses. The costs
of education that are not deductible from the income tax distort
the learning decision as well. We show theoretically that the trade-
off between efficiency and equity is worsened. Quantitative analysis
shows that the distortionary costs of taxation increase substantially
when human capital formation is endogenous.

“It has long been understood that the concept “labor supply” is more
general than “hours of work.” If one individual is healthier, better
educated and more highly motivated than another, then presumably
a given number of hours of work will lead to greater effective la-
bor supply for the former than for the latter. Thus, studies on the
effect of taxes on other dimensions of labor supply are needed in
order to assess the full impact of taxes on work incentives.” Rosen
(1980, p. 171).
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1. Introduction

The traditional literature on optimal income taxation with endogenous labor
supply assumes that labor supply is a one-dimensional variable reflecting the
amount of leisure people wish to consume (see, e.g., Mirrlees 1971). Labor
supply, however, features many other dimensions as Rosen (1980) suggests.

This paper analyzes optimal income taxation when the learning dimen-
sions of labor supply are taken into account. From human capital theory, we
know that earnings per hour are the result of investments aimed at augment-
ing effective labor supply (see, e.g., Becker 1964). As a result, the distribution
of income is endogenously determined by learning the decisions of agents,
rather than exogenously given, as in the traditional papers on optimal income
taxation.

The first contribution of this paper is to analytically show how optimal
linear tax rates are set when human capital accumulation is endogenous. To
that end, we formulate a simple two-period life-cycle model of investment in
human capital and labor supply. The tax system distorts not only labor supply
decisions but also education and training decisions. The more leisure one
wishes to consume, the lower are the returns to human capital investments
since less time is spent working and the utilization rate of human capital falls.
The reverse reasoning also holds: the more human capital one accumulates,
the more expensive leisure time becomes as wage rates per hour increase. Ed-
ucation and leisure decisions are thus interdependent and the distortionary
effects of taxation increase with the strength of these interaction effects (see,
e.g., Kotlikoff and Summers 1979).

Furthermore, tax distortions may arise in human capital investment deci-
sions if the direct costs (besides foregone earnings) are not deductible from
the income tax, as is the case in many countries (see, e.g., Boskin 1975, Trostel
1993). Consequently, future earnings are subject to a higher effective rate of
tax than total costs of investment because the direct costs remain “untaxed.”1

We theoretically show that the trade-off between equity and efficiency
worsens due to the interaction of working and learning decisions and the
presence of nondeductible direct costs of education. Labor supply, defined
in a broad sense so that it encompasses both quantity and quality dimensions,
becomes more elastic with respect to the tax. Consequently, optimal linear
taxes are lower if human capital accumulation is endogenous rather than
exogenous.

The second contribution of this paper is to provide numerical calcula-
tions on the importance of endogenous learning decisions for the setting
of the optimal linear tax schedule. We follow Stern (1976), who analyzed

1For reasons of analytical and computational tractability, we do not allow for a nonlinear
tax schedule. However, this is an additional channel whereby taxation may harm human
capital formation if marginal tax rates on future incomes exceed marginal tax rates on
foregone earnings when learning (see, e.g., Bovenberg and Jacobs 2001).



Taxation Human Capital 297

numerically the case of optimal linear taxes without endogenous learning.
The traditional literature has found relatively high optimal tax rates in mod-
els with solely an endogenous labor supply decision (see, e.g., Stern 1976,
Tuomala 1990, Diamond 1998, Saez 2001). We find that optimal tax rates are
substantially lower compared to earlier studies in which human capital accu-
mulation is not explicitly taken into account. This confirms our theoretical
predictions.

This paper is related to some earlier contributions on optimal taxation
when agents differ in their levels of education. Ulph (1977) and Hare and
Ulph (1979) study the simultaneous setting of optimal taxation and educa-
tion expenditures. Ulph (1977) allows for endogenous labor supply. Hare
and Ulph (1979) assume that labor supply is fixed and that agents might
opt for private education. In both studies, however, the government simply
sets the level of education for each agent. Taxation, therefore, does not in-
fluence learning decisions. Tuomala (1986) analyzes optimal taxation in a
model where learning and labor supply decisions are endogenous. However,
Tuomala assumes that leisure is denoted in “effective” leisure time, i.e., effec-
tive labor supply increases linearly with the amount of human capital, as in
Heckman (1976). Consequently, the separation between working and learn-
ing decisions holds and taxes do not affect learning decisions, by assumption.

The rest of this paper is organized as follows. Section 2 describes
the model and individual behavior, Section 3 derives optimal fiscal policy,
Section 4 discusses the simulations, and Section 5 concludes.

2. Model

We consider a two-period life-cycle model of human capital formation.2 In
the first period, agents choose between working and learning. We assume
without loss of generality that there is no consumption-leisure decision in the
first period.3 Additionally, there is a perfect capital market and agents can

2Some authors have used multi-period models to analyze the effects of taxation on human
capital accumulation (see, e.g., Heckman 1976, Trostel 1993). However, these papers im-
pose strong restrictions on preferences that avoid corner solutions in the choice of leisure.
On a balanced growth path, either all available time may be consumed as leisure, or all of
it may be devoted to working (see also Weiss 1986). Moreover, the restrictions on prefer-
ences that are often made in order to guarantee that a constant fraction of time is spent
on leisure eliminate a priori the potential distortionary effect of proportional taxation on
human capital formation, as the utilization rate of human capital is unaffected by taxa-
tion (since these restrictions imply that substitution and income effects in labor supply
cancel out). Trostel (1993) uses a unitary elasticity of substitution between consumption
and leisure. Heckman (1976) uses preferences defined over consumption and “effective”
leisure so that the leisure decision is independent of the level of human capital.
3Given a perfect capital market, no important insights are obtained by allowing for first-
period consumption. Furthermore, learning decisions, which are the main focus of the
current paper, are not affected by the introduction of first-period leisure time.
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save or borrow to finance costs of education.4 The second period is devoted
to working only, and agents decide upon the amount of leisure time (or
retirement years) they want to consume.

A partial equilibrium model is chosen where the before-tax wage rates
and interest rates are taken as given. The model can also be thought of as
describing the equilibrium of a small open economy in which perfect capital
mobility fixes the real interest rate.

A mass of agents with unit measure lives for two periods. Agents are
heterogeneous with respect to the ability to learn α. Agents with a higher
ability are more efficient in production of human capital. The distribution of
α is denoted by F (α). F has support [α

¯
, ∞).

In the first period, agents choose to spend their time learning or working.
Every agent has one unit of human capital at the beginning of his life. A frac-
tion xα of total time in the first period is spent on education. The rest, 1 − xα , is
devoted to working, where the total time endowment is normalized to unity.
Education requires, besides time, yα market goods per year of education.5

φ is the production function for human capital and measures the number of
efficiency units of human capital that individuals acquire through learning.
Accumulation of human capital is subject to positive, but diminishing, returns
with respect to time xα and goods yα invested:

φ(α; xα, yα) ≡ h(α)xγ
α yυ

α , (1)

where we assume h(α) > 0, and h′(α) > 0. Agents with higher ability levels
are assumed to be more productive in using time and goods in human capital
accumulation, since φαx > 0 and φαy > 0. It is further assumed that the
production function displays diminishing returns to scale in inputs (x, y)
invested in education. This ensures a solution where the individual does not
select a corner in which he saves all his income, either in financial or in human
form. In the remainder of the analysis, we restrict ourselves to a Cobb–Douglas
production function with constant elasticities γ and υ, and γ + υ < 1. Given
the lack of empirical evidence on the precise shape of the production function
for human capital, the Cobb–Douglas function is used in almost the entire
literature (see, e.g., Weiss 1986, Trostel 1993).

Income is derived from working equals (1 − t)w(1 − xα), where t is the
flat labor income tax rate. We assume that there is perfect substitution in the
demand of labor for different skill types and w denotes the common wage
rate per efficiency unit of human capital. The tax authority is assumed to be
unable to distinguish between income from raw labor (the quantity or hours
of work) and human capital (the quality of work). The tax authority cannot
observe α, either. The first assumption is equivalent to the commonly used

4See Jacobs (2002) for the consequences of imperfect capital markets for the optimal linear
income tax.
5One may also allow for capital goods in the production function of human capital, rather
than consumption goods. This yields qualitatively similar results.
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assumption that one cannot observe the wage rate and hours worked. Thus,
taxes on income deriving from the quantity of labor and the quality of labor
are both equal to t. The second is the standard assumption that excludes
individualized lump-sum transfers.

Every agent might receive a uniform nonindividualized lump-sum in-
come transfer g in both periods of his life. The tax system is progressive
because the average tax rate increases with income (if income transfers g are
positive). Savings, denoted by sα equal total first-period income minus the
direct costs of education pyα. p denotes the unit costs of direct expenditures
on education. The first-period budget constraint is therefore given by

p yα + sα = (1 − t)w(1 − xα) + g . (2)

In the second period, human capital is supplied endogenously to the
labor market. The total time spent working equals lα, and the rest is consumed
as leisure 1 − lα . One may also view leisure as years in retirement (see Kotlikoff
and Summers 1979). Income derived from the accumulation of financial
assets is (1 + r)sα, where r is the constant real interest rate. In the remainder
of the paper, we assume that the real interest rate is zero. All income from
human and financial sources is used for consumption cα. There is no tax on
consumption and capital income.6 The consumption price is chosen as the
numéraire. Hence, the second-period budget constraint is

cα = (1 − t)wlαφ(α; xα, yα) + sα + g . (3)

We assume that the there are no age-dependent taxes. Consequently, the
transfer and the tax rate are equal in both periods. This assumption can be
justified under the assumption that age discrimination by the government is
not possible.

For analytical tractability, we restrict the analysis to an iso-elastic utility
function. Utility u is given by

u(cα, lα) ≡ ln

(
cα − l1+1/ε

α

1 + 1/ε

)
, (4)

where ε > 0 is a parameter governing the (un)compensated wage elasticity
of labor supply. Since ε > 0, we assume that labor supply is upward sloping.
This utility function is used as well by Diamond (1998) and Saez (2001). It is
assumed that agents do not derive utility from having human capital.7

Agents maximize utility by choosing consumption cα , labor supply lα , the
amount of time xα , and the amount of goods invested in education yα , subject

6See Bovenberg and Jacobs (2001), who theoretically analyze optimal dual income taxation.
7Human capital can also be regarded as a consumption good. Additionally, having more
human capital can enhance the effective productivity of leisure in utility. This notion was
first applied to human capital theory by Heckman (1976). Both elements can be incor-
porated. However, this is likely to yield untractable results unless strong restrictions on
preferences are imposed.
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to their budget constraints, and the production function of human capital.
Manipulation of the first-order conditions gives the following labor supply
function:

lα = ((1 − t)wφ(·))ε. (5)

The higher the hourly wage rate, i.e., the product of the net wage rate and
the number of efficiency units of human capital, the larger is labor supply.
The last equation demonstrates that consumption and investment decisions
cannot be separated. Learning increases the hourly wage rate and thereby
boosts labor supply. If leisure time is seen as years in retirement, our model
can explain the relatively higher participation rates of older workers with
more education: a higher level of human capital makes retirement more
expensive.

The marginal rate of technical substitution for the optimal choice of time
and goods invested in education reads as

φx

φy
= γ yα

υxα

= (1 − t)w
p

. (6)

A higher price of time (goods) invested in education should be accompanied
by an increase in the marginal product of time (goods) invested in education,
and thus implies a lower use of time (goods) relative to goods (time) in the
production of human capital.

Finally, there is an arbitrage equation stating that both financial and
human savings should yield an equal return:

lαφx = (1 − t)wlαφy

p
= 1. (7)

This equation determines the amount of time and goods invested in human
capital accumulation. Arbitrage between financial and the human capital in-
vestments ensures that an optimal plan is characterized by equal returns on
both investments. If the rate of return on financial investments is lower, sub-
stitution takes place towards human capital investments until rates of return
are equalized (as a consequence of diminishing returns in human capital
accumulation).

Since the costs of education are not tax deductible, taxes directly distort
investments in human capital. A higher tax rate reduces the optimal amount
of goods invested in human capital, thereby lowering the productivity of time
invested. Investments in human capital fall accordingly. Loosely speaking,
total marginal costs, consisting of foregone earnings and goods, are reduced
less by the tax rate, than the marginal returns, i.e., future marginal earnings.
If goods invested in education would be fully deductible, taxes would have no
direct effect on investments in human capital, since the marginal costs and
the marginal returns of the investment in human capital would be equally
reduced by the tax.
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Taxes also distort human capital investments indirectly, since taxes affect
the amount of leisure chosen. Higher taxes on labor income reduce labor
supply, and thereby reduce investments in human capital because the effec-
tive utilization rate of human capital decreases, which lowers the returns on
investments in human capital.

First-order conditions are necessary, but not sufficient. Additionally, we
have to guarantee that the second-order conditions are fulfilled. The second-
order condition amounts to the following restriction on parameters:8

(1 + ε)(γ + υ) < 1. (8)

The second-order condition states that the elasticity of labor supply is not too
high, and that the elasticities of time and goods invested in education are
also not too high. Intuitively, if more time is spent learning, wage rates per
hour increase, thereby inducing substitution toward more labor supply. This,
in turn, increases the returns to investments in human capital, so that more
time is spent learning, and so on. Due to this interaction between learning
and leisure decisions, sufficiently decreasing returns to investments in human
capital (low γ or υ) or sufficiently decreasing the marginal utility of leisure
(low ε) should guarantee that an interior solution is attained and that the
corner solutions with zero leisure time are avoided.

We can analytically solve for the optimal amount of time and goods in-
vested in learning and labor supply. First, use the marginal rate of technical
substitution for goods and time invested in education to get yα as a func-
tion of xα: yα = υw(1 − t)xα/γ p. Substitute the last result in the equation
for labor supply to get lα as a function of xα only: lα = (υ/(pγ ))ευh(α)ε

(w(1 − t))ε(1+υ)xε(γ+υ)
α . Further, we have γ lαφ(·) = xα , which follows from

the arbitrage condition. Solve the last two equations for xα:

x∗
α = γ

1
µ h(α)

1+ε
µ w

ε+υ(1+ε)
µ

(
υ

γp

)υ(1+ε)
µ

(1 − t)
ε+υ(1+ε)

µ ,

where µ ≡ 1 − (1 + ε) (γ + υ) > 0. y∗
α and l∗α follow from plugging the value

for x∗
α into the equations for yα and lα.
Since h′(α) > 0, agents with higher ability invest more time and goods

in human capital accumulation, i.e., ∂xα/∂α > 0, ∂yα/∂α > 0 and ∂ lα/∂α

> 0 by virtue of the concavity of the production function of human cap-
ital; the complementarity between inputs in production of human capital
and ability; and, due to the fact that high ability agents supply more la-
bor. Note that the elasticities of xα , yα , and lα with respect to the tax rate
t are constant and independent from skill and given by εxt ≡ − ∂x

∂t
(1 − t)

x =
ε + υ(1 + ε)

1 − (1 + ε)(γ + υ) > 0, εy t ≡ − ∂y
∂t

(1 − t)
y = (1 + ε)(1 − γ )

1 − (1 + ε)(γ + υ) > 0, and εl t ≡ − ∂l
∂t

(1 − t)
l =

ε(1 − γ )
1 − (1 + ε)(γ + υ) > 0.

8The derivation is available upon request from the author.
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3. Optimal Linear Income Taxation

The government collects taxes from the households to finance exogenously
given expenditures �. The government budget constraint therefore reads as

t
∫ ∞

α
¯

HαdF (α) = � + G, (9)

where G ≡ 2g and H α ≡ w(1 − xα) + wlαφ(α; xα, yα) is the gross lifetime
value of labor earnings. There are two instruments at the disposal of the
government: the linear tax rate on labor income t and the negative income
tax G . The tax rate t and the lump-sum transfer G are chosen so as to maximize
a social welfare function �:

� =
∫ ∞

α
¯

	(Vα)dF (α), 	 ′ > 0, 	 ′′ ≤ 0, (10)

where V α is the indirect utility function of the agents. Different assumptions
about 	 yield, e.g., a Rawlsian objective function or an utilitarian objective
function (	 ′ = 1) (see also Atkinson and Stiglitz 1980).9

The Lagrangian for maximization of social welfare is given by (omitting
the indices α)

L =
∫ ∞

α
¯

(	(V ) + η(twlφ(·) + tw(1 − x) − G − �)) dF (α), (11)

where η is the Lagrange multiplier associated with the government budget
constraint. The first-order condition for G is given by

∂L
∂G

=
∫ ∞

α
¯

(
	 ′(·)λ − η + ηt

∂H
∂G

)
dF = 0, (12)

where we substituted Roy’s lemma ∂V α/∂G = λα and λα is the private marginal
utility of income. Note that there are no income effects on both labor supply
and investments in human capital. Consequently, we have ∂H

∂G = 0.
Denote the net social marginal valuation of income of individual α in

terms of government revenue by bα (see Atkinson and Stiglitz 1980):

bα ≡ 	 ′(·)λα

η
. (13)

The term on the right-hand side denotes the direct social value of redistribu-
tion to household α. From the first-order condition for G , we find that the
marginal social value of income averaged over all households is given by

b̄ = 1, (14)

9We assume in the theoretical derivations that lump-sum transfers are never larger than
income derived from supplying human capital, i.e., G < H , so that agents never decide to
be unemployed. This constraint is always nonbinding in the numerical calculations, below.
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where b̄ ≡ ∫ ∞
α
¯

bαdF (α). This expression states that social welfare is maximized
if a unit increase in the value of the lump-sum transfer given in both the
periods is equal to the marginal social utility averaged over all agents.

The first-order condition for the tax rate is given by

∂L
∂t

=
∫ ∞

α
¯

(−	 ′(·)λ(wlφ(·) + w(1 − x)) + η(wlφ(·) + w(1 − x)))dF

+
∫ ∞

α
¯

(
ηtwφ(·)∂l

∂t
+ η

(
twl

(
φx

∂x
∂t

+ φy
∂y
∂t

)
− tw

∂x
∂t

))
dF = 0,

(15)

where Roy’s lemma is used: ∂V α/∂t = −λαH α . (If goods invested in education
are deductible we would have an additional −tp ∂y

∂t in the last term in brackets.)
In order to find an expression for the optimal tax rate, we introduce

the distributional characteristic ξ that comprises the distributional impact
that human capital has on social welfare (see also Atkinson and Stiglitz
1980):

ξ ≡ −
(∫ ∞

α
¯

(
Hα

H̄

) (
bα

b̄

)
dF (α) − 1

)
. (16)

The distributional characteristic ξ of the income tax base is given by the
negative of the normalized covariance10 between the welfare weight the gov-
ernment attaches to the income of a particular skill bα (which is nonincreasing
with the skill level α) and the contribution of individual α to the tax base H α.
H̄ ≡ ∫ ∞

α
¯

HadF (α) stands for the average value of lifetime earnings. ξ can be
interpreted as a “marginal measure of inequality”(see Atkinson and Stiglitz
1980). A positive distributional characteristic ξ thus implies that the tax base
is larger for high skills (which feature low welfare weights) than for low skills,
so that taxing this base generates positive distributional benefits. The mag-
nitude of the distributional characteristic depends both on the correlation
between skills and the tax base and the strength of the redistributive prefer-
ences as reflected in the negative correlation between skills and the welfare
weights.11 Indeed, a distributional characteristic of zero may indicate either
that the government is not interested in redistribution (so that all skills fea-
ture the same welfare weight) or that the marginal contribution to the tax
base is the same for all skills (all individuals have equal incomes and there is
not need for redistribution).

10This can be seen by noting that ξ = −1
H̄ b̄

(
∫ ∞

α

¯
HbdF − ∫ ∞

α

¯
H dF

∫ ∞
α

¯
b dF ) = −cov(H,b)

H̄ b̄
.

11The strength of this negative correlation depends not only on the concavity of the function
	, but also on inequality in life-time incomes. In particular, the government attaches a
higher priority to redistributing incomes if life-time incomes become more unequal, since
marginal utility of income declines with income.
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We obtain an expression for the optimal linear income tax from the first-
order condition for t (Equation (15)), after substituting the definition of ξ ,
the first-order condition for x (twlφx

∂x
∂t − tw ∂x

∂t = 0), and rewriting the last
term in brackets of Equation (15):12

t
1 − t

= ξ

ω(εl t + υεy t )
, (17)

where ω ≡ ∫ ∞
α
¯

wlφ(·) dF/
∫ ∞
α
¯

wlφ(·) + w(1 − x)dF is the ratio of average
second-period income in average total income. The optimum tax formula
clearly shows the trade-off between equity (numerator) and efficiency (de-
nominator).

First, the tax rate should be higher if the absolute value of the distribu-
tional characteristic ξ is higher, i.e., when the social value of redistributing
incomes is higher. This is the case if incomes are more unevenly distributed,
or if greater weight is attached to agents at the lower end of the distribu-
tion. If all agents have identical abilities, H is identical for all agents, and
there is no income inequality. Consequently, ξ = 0 and the optimal tax rate is
zero.

Second, the denominator of the optimal tax formula shows two elasticities
associated with the two tax distortions in our model. The first elasticity (εlt) is
associated with the distortionary effect of taxes on labor supply. The optimal
tax rate on labor income should be lower if the elasticity of labor supply is
larger. From the definition of the labor supply elasticity we can see that the
“true” wage elasticity of broad labor supply, including the learning effects is
larger than the “simple” elasticity of labor supply (εlt > ε) that would enter
in the optimum tax formula in the absence of learning decisions (see, e.g.,
Atkinson 1995):

εl t

ε
= 1 − (γ + υ)

1 − (1 + ε)(γ + υ)
+ υ

1 − (1 + ε)(γ + υ)
> 1. (18)

The first term is larger than the unity and the second term is positive. The
first term measures the interaction impact of learning and working deci-
sions, and the second term gives the additional impact of the nondeductibil-
ity of the goods invested in education, see also Equation (21) for the optimal
tax formula with full tax deductibility of the educational costs. Clearly, the
interaction between learning and labor supply decisions makes the labor sup-
ply response more elastic and drives the optimal tax rate downward.

Besides the standard elasticity of labor supply, there is a second elasticity
in the denominator of the tax formula in Equation (17) (υεyt). This is the tax
elasticity of investments in human capital. The optimal tax should be lower if
the tax elasticity of goods invested in education (εyt) is larger. It is easily seen

12If goods invested in education are deductible, the last term in brackets of Equation (15)
is zero by substitution of the first-order condition for y (twlφy

∂y
∂t

− tp ∂y
∂t

= 0).
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that the tax elasticity of goods invested in education is also enlarged due to
the interaction with labor supply (ε). Suppose that labor supply was inelastic
(ε = 0), then we can derive for the tax elasticity of learning (εyt):

εy t |ε=0 = 1 − γ

1 − (γ + υ)
< εy t = (1 + ε)(1 − γ )

1 − (1 + ε)(γ + υ)
. (19)

The elasticities εlt and εyt are weighted with the share of second-period
income in the total lifetime income ω. The larger second-period income be-
comes, the more elastic total lifetime income becomes, and the lower optimal
linear taxes should be.

If goods invested were fully deductible, the optimum tax would be given
by:13

t
1 − t

= ξ

ωεl t
. (20)

Note that only elasticity υεyt drops out compared to Equation (17). Moreover,
the elasticity of labor supply is lowered with the elasticity given in Equation
(18)

εl t

ε
= 1 − (γ + υ)

1 − (1 + ε)(γ + υ)
> 1. (21)

Clearly, the interaction effect between learning and working remains at work
even when the goods invested in education are made tax deductible.

The last formula provides a quantitative idea about the increase in the
size of the elasticities when learning is endogenous. Suppose that γ + υ = 0.6.
These are the values suggested by Trostel (1993). Let the elasticity of labor
supply be equal to ε = 0.25, which is not an uncommon figure in the liter-
ature, see also below. Then we find that the elasticity of broad labor supply,
including the interaction effects with learning, is equal to εlt = 0.4. In other
words, the “true” elasticity of the labor supply is about 60% larger than the
simple elasticity. Now, suppose that the simple elasticity of the labor supply is
ε = 0.5 (an upper bound in the literature) then we find an elasticity of broad
labor supply that is four times larger and equal to εlt = 2. Clearly, the inter-
action mechanism between the labor supply and the learning decisions has
a potentially big impact on the elasticity of broad labor supply, and optimum
taxes should be lowered accordingly.

4. Numerical Examples

This section considers some numerical examples of the optimal tax rates. The
method employed here stems from Stern (1976). The distribution of ability

13This follows from redoing the analysis with (1 − t)p as the measure for direct costs on the
side of households and adding a cost tpy to the government budget constraint.



306 Journal of Public Economic Theory

is assumed to be normal with mean µα , and SD σα :14

α ∼ N [µα; σα]. (22)

Ability has a mean µα = −1, which is a normalization.
The productivity of ability in human capital accumulation is an exponen-

tial function:

h(α) = A exp(α)ψ. (23)

A is a general efficiency parameter denoting the productivity of learning. If
one assumes that ability follows a normal distribution, this specification yields
a log-normal wage distribution of second-period incomes, since log second-
period income is linear in α. ψ denotes the elasticity of ability in learning and
is calibrated to give a realistic spread in the learning distribution.

For the parameterization of the production function of human capital,
we refer to Trostel (1993) who provides a very extensive discussion of plausible
parameter values. The share of time in the production of human capital is
set at γ = 0.3 and the share of goods in the production of human capital is
set at υ = 0.1. So, the total returns to private inputs are 0.4. Here, Trostel
(1993) uses the values of γ = 0.45 and υ = 0.15. However, these high values
turn out to give occasional problems with the second-order conditions, see
also Equation (8).

The values γ = 0.3 and υ = 0.1 imply that the direct costs of education are
one-quarter of total expenditures in education, so that the foregone earnings
make up three-quarters of the total costs of education. Becker (1964) and
Boskin (1975) find that the private cost shares of time and goods invested in
education are three-quarters and one-quarter, respectively.15

In addition, we assume, in contrast to the theoretical derivation, that
ability α also affects wage rates w independently of the amount of learning, so
that w(α) where w(α)′ > 0. The reason for making this assumption is that not
all income inequality can be attributed to differences in learning behavior.
Consequently, the agents with higher ability have a higher wage rate per unit
of human capital as well.16 Wage rates are also assumed to be generated by
an exponential wage equation:

w(α) = exp(α), (24)

14Note that, in contrast to the derivation above, ability does not have a lower bound. How-
ever, nothing critical changes in the theoretical derivations if ability runs from (−∞ , ∞)
instead. Moreover, we will want to use a specific functional form on h, so that ability always
translates into positive learning productivity h(α) for the model to have a useful economic
meaning.
15The price of direct costs of education is arbitrarily set at p = 0.5.
16The theoretical derivation earlier is not affected by making this assumption.
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so that a log-normal wage distribution results (see also Mirrlees 1971, Stern
1976, Tuomala 1990). The standard deviation of log wages in these papers is
set at 0.39.17

The social welfare function is a Samuelson–Bergson utility function with
a constant elasticity of inequality aversion ν:

� =
∫ ∞

α
¯

V 1−ν − 1
1 − ν

dF (α). (25)

If ν = 0, the social welfare function is utilitarian; if ν = ∞, the social welfare
function is Rawlsian (see also Atkinson and Stiglitz 1980). In the base case
scenario, the social welfare function is utilitarian, so that ν = 0. Taxes are
solely redistributive as the government revenue requirement is set at � = 0.

We use two types of utility functions. First, to make our model comparable
with the optimum tax literature, we use the standard CES utility function with
a constant elasticity of substitution between consumption and leisure as in
Mirrlees (1971), Stern (1976), and Tuomala (1990):

u(c , l) = (β1−ζ c ζ + (1 − β)1−ζ (1 − l)ζ )1/ζ . (26)

The elasticity of substitution between second-period consumption and leisure
equals σ ≡ 1/(1 − ζ). We follow common practice by setting σ = 0.5 in the
base line computations. Stern (1976) uses a value of σ = 0.4 and Tuomala
(1990) uses σ = 0.5 based on reviewing the literature.18

Recently, Atkinson (1995), Diamond (1998), and Saez (2001) adopted
the iso-elastic utility function that was used in the theoretical derivation. This
serves as the basis of our second specification:

u(c , l) = ln
(

c − θ
l1+1/ε

1 + 1/ε

)
, (27)

where we added a parameter θ denoting the preference for leisure. We set the
uncompensated wage elasticity of labor supply at ε = 0.25. The uncompen-
sated elasticity of 0.25 is in the middle of elasticities for men and women that
are encountered in the microeconometric literature. For men, the elasticity
is slightly below 0, whereas significantly higher elasticities, ranging from 0.5
to 1, are reported for women (see Hansson and Stuart 1985, Killingsworth
and Heckman 1986, Pencavel 1986). An average value of 0.1 is found in the

17We construct a data set with 10 observations representing the deciles according to ability.
Within each decile we take the mean value of ability as a data point. We have constructed
larger samples, but relatively small increases in precision of the computations were obtained
with relatively large increases in computation time. Further, the conclusions of this paper
are not sensitive to the sample size.
18Again, second-order conditions require that parameters on preferences and production
elasticities are restricted, i.e., the elasticity of substitution or the production elasticities are
not too high (see also Jacobs 2000).
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latter study on the basis of reviewing the literature. In this model, the labor
supply decision could also be thought of as the retirement decision, as in
Kotlikoff and Summers (1979). A somewhat higher elasticity of labor supply
potentially also captures the effects taxes might have on early retirement as
these effects are generally ignored in empirical estimates.

The last parameters are jointly calibrated to make the outcomes as realis-
tic as possible. The last parameters include the following: the common learn-
ing technology parameter A, the leisure share parameter β(θ), the elasticity
of ability in learning ψ , and the SD of ability σα . We impose four identifying
conditions on the model at t = 0 and G = 0: mean working time is 1̄ = 0.67,
mean learning time is x̄ = 0.67, the SD of learning time equals σx = 0.12, the
SD of the log of total income is 0.40.

The value of mean working time is taken from Stern (1976) and Tuomala
(1990). This implies that the average individual would work two-thirds of the
day. It could also correspond to a retirement period of 10 years if one regards
each period in life as lasting for approximately 30 years.

A mean learning time of 0.67 implies that agents spend on average
20 years on learning in the first period of their lives, if each period in life
lasts 30 years. This is high compared with the average time spent on formal
education. Harmon and Walker (1999) find that the mean is 11.90 years
for the United Kingdom (in the General Household Survey 1974–1994).
Ashenfelter and Krueger (1994) report an average of 13.1 schooling years
for the United States (from the 1990 Current Population Survey). However,
on-the-job training (OJT) is also a part of human capital formation. Min-
cer (1962) estimates that half of the total human capital formation is on
the job. Computations by Heckman et al. (1998) suggest that the contri-
bution by OJT is lower and is in the range of one-quarter of total human
capital formation. If we assume that approximately one-third of total human
capital formation is OJT, and two-thirds is formal education, then a mean
of 13.3 years of formal schooling results. This corresponds with the actual
figures.

If we proxy the learning distribution with a normal distribution, then
we are able to compute the spread in learning outcomes in the years of
formal education from the model. Under the assumption that two-thirds of
the human capital is acquired through formal education and each period
takes 30 years, a SD of 0.12 corresponds to a SD in learning time equal to
2.4 years. Harmon and Walker (1999) find that the SD equals 2.83 years.
Ashenfelter and Krueger (1994) report a SD of 2.7 years.

The SD of log incomes is calibrated at 0.4, since the distribution of
incomes is endogenous. The models of optimum income taxation without
learning behavior assume similar inequality. Mirrlees (1971), Stern (1976),
and Tuomala (1990) use a SD of log wages of 0.39.

The calibration with the CES function yielded a productivity parameter
A = 7.4, a preference for leisure parameter β = 0.7, a SD of ability of σα =
0.31, and a value of the elasticity of ability ψ = 0.5. The calibration with the
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Table 1: Outcomes base line parameterization—CES utility

Percentile (%) c 1 − l x y α

0–10 0.43 0.27 0.46 0.07 −1.51
10–20 0.55 0.29 0.53 0.09 −1.32
20–30 0.64 0.30 0.58 0.11 −1.21
30–40 0.73 0.32 0.61 0.13 −1.12
40–50 0.81 0.33 0.65 0.15 −1.04
50–60 0.90 0.34 0.68 0.17 −0.96
60–70 1.01 0.35 0.71 0.20 −0.88
70–80 1.14 0.36 0.75 0.23 −0.79
80–90 1.32 0.38 0.80 0.27 −0.68
90–100 1.70 0.41 0.89 0.36 −0.49

Mean 0.92 0.34 0.67 0.18 −1
SD 0.12 0.04 0.12 0.08 0.31

CELS specification yielded values of A = 4.4, θ = 5.7, ψ = 0, and σα = 0.30.

We compare the outcomes of the two models in the simulations, see
Tables 1 and 2 for the base-line calibration outcomes. A feature of the two
utility functions used here is that the labor supply behavior is rather differ-
ent. In the CES case, we have a backward-bending labor supply curve with
σ < 1. The uncompensated wage elasticity of labor supply is negative at zero
nonlabor income (see also Stern 1976). This implies that income taxation
induces agents to work more. And, as the utilization rate of human capital
increases, learning time increases as well. In the constant elasticity of labor

Table 2: Outcomes base line parameterization—CELS utility

Percentile (%) c 1 − l x y α

0–10 0.43 0.43 0.45 0.07 −1.49
10–20 0.54 0.39 0.52 0.09 −1.31
20–30 0.64 0.37 0.56 0.11 −1.20
30–40 0.72 0.35 0.60 0.13 −1.11
40–50 0.80 0.33 0.64 0.15 −1.04
50–60 0.90 0.32 0.67 0.17 −0.96
60–70 1.00 0.30 0.71 0.20 −0.88
70–80 1.13 0.28 0.76 0.23 −0.80
80–90 1.33 0.25 0.83 0.28 −0.69
90–100 1.74 0.20 0.95 0.38 −0.51

Mean 0.92 0.32 0.67 0.18 −1
SD 0.14 0.07 0.14 0.09 0.30
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Table 3: Optimal tax rates t (%) (optimal values for g)

Base: CES Base: CELS
σ = 0.5 Endogenous Exogenous ε = 0.25 Endogenous Exogenous

σ = 0.2 24.8 (0.113) 50.9 (0.238) ε = 0.1 20.5 (0.124) 41.0 (0.239)
σ = 0.3 21.3 (0.099) 40.5 (0.191) ε = 0.2 17.1 (0.086) 31.1 (0.157)
σ = 0.4 19.0 (0.089) 34.1 (0.162) ε = 0.25 16.1 (0.074) 28.2 (0.133)
σ = 0.5 17.4 (0.083) 29.8 (0.143) ε = 0.3 15.3 (0.064) 26.0 (0.114)
σ = 0.6 16.2 (0.078) 26.7 (0.130) ε = 0.4 14.2 (0.049) 22.6 (0.087)
σ = 0.7 15.3 (0.075) 24.5 (0.120) ε = 0.5 13.6 (0.039) 19.9 (0.068)
σ = 0.8 14.6 (0.073) 22.6 (0.112)

supply (CELS) case, labor supply is always upward sloping. Taxation induces
agents to work less, on account of a dominant substitution effect, and they
also learn less as a consequence.19

We derived optimal tax rates for the case in which both learning and
leisure are endogenous and for the case in which only labor supply is en-
dogenous, and we fix the investments in human capital at the values that are
obtained in the calibration. The latter case provides the natural benchmark
to show the effects of endogenous learning decisions.

To compute optimal tax rates, we used a (quasi) Newton algorithm to
maximize the social welfare function.20 This procedure numerically approx-
imates the Hessian matrix of the optimization program. As starting values
for (to, g o) we take (0.1, 0.1). We solve numerically the individuals’ prob-
lem from the first-order conditions and the budget constraints also using a
quasi-Newton algorithm. For all simulations, we checked the global behavior
of the social welfare function using a grid procedure over the range of all
feasible tax rates in order to ensure that our optimization algorithm indeed
converges to a global maximum, rather than a possible local one. The grid
procedure confirms that there is at most one maximum in all computations.
Stern (1976) also finds at most one maximum using a grid method.

Table 3 shows the results for various elasticities of substitution or labor
supply elasticities. We find an optimum tax rate of 17.4% in the benchmark
case of the CES utility function with σ = 0.5. The corresponding value of
the optimum tax rate when learning is exogenous equals 29.8%. The CELS
utility function with a base case value of ε = 0.25 gives values of 16.1% (28.2%)
when learning is endogenous (exogenous). Clearly, optimum taxes are much

19Moreover, the theoretical models cannot be consistently matched with the empirical
literature. A value of the elasticity of substitution between consumption and leisure smaller
than 1 cannot be reconciled with an upward-sloping labor supply curve (if nonlabor income
is 0). In the remainder, we proceed by analyzing the two cases separately.
20The Gauss programs for all computations can be downloaded from: http://www.fee.
uva.nl/scholar/mdw/jacobs/optax.zip.
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lower when learning is endogenous. In our calculations, optimal taxes are
reduced by almost one-half when learning decisions are taken into account.
This result is robust to changes in the elasticities of substitution σ or changes
in the elasticity of labor supply. A reassuring aspect of our computations is
that very similar results are obtained when using the CES and CELS functions.

Regarding the optimal values of the lump-sum transfer g , we note that
there is a general positive relation between the optimal tax rates and the value
of the transfer. The higher the optimal tax, the larger the transfer.

Our computed tax rates are also lower than the optimal marginal tax
rates that are reported in the literature. Our optimal linear taxes are always
lower than the ones obtained by Stern (1976) with the CES utility function
for various elasticities of substitution. Although, Saez (2001) found marginal
rates far above 50% in the model with a CELS utility function, he set the
revenue requirement by the government at 0.25 of production. For the sake
of comparison, we have computed the optimum rates with this revenue re-
quirement (� = 0.23). For ε = 0.25, we derive an optimum tax t = 21.0%
and for ε = 0.50 we find t = 22.3%. These optimum taxes are substantially
lower than the ones from Saez (2001).21

Using a CES utility function, Tuomala (1990, p. 98) found optimal nonlin-
ear marginal tax rates ranging from 65% at the first decile of the income distri-
bution to 45% at the ninth decile of the income distribution, with a marginal
rate of tax of 59% at the median in the case where σ = 0.5. The optimal
marginal tax rate in our model is 17.4% at σ = 0.5, which is again a consider-
ably lower marginal tax rate. Using CELS utility functions, Diamond (1998)
and Saez (2001) find in nonlinear versions of their models the marginal tax
rates on income that are generally higher than 50%, even for the top deciles.

Below, we show robustness checks for various modifications in technology,
preferences, or government parameters. The result of lower optimum taxes
with endogenous human capital is not sensitive to the parameters used in the
model.

In Table 4, we change production elasticities. Here, it must be noted that
the range over which the parameters can be varied is limited. Too high values
violate second-order conditions, so there are limits on the returns to private
inputs (so as to rule out perverse behavior). From Table 4, we can see that
changing the elasticities of production yields only small effects on the optimal
tax rates. So, the results are robust with respect to the technology parameters
of the production function of human capital.22

21It has to be noted, however, that the amount of pre-tax income inequality is probably
different in Saez (2001) compared to other studies, since he uses empirical income distri-
butions rather than artificially generated ones.
22We note that optimum taxes increase when the elasticity of time in production of human
capital increases for the CES utility function. This can be attributed to the backward-
bending labor supply curve. Taxation induces agents to work more, and rates of return to
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Table 4: Optimal tax rates t (%) (optimal values for g)—Changing

production parameters

Base: CES CELS
γ = 0.3 Endogenous Exogenous Endogenous Exogenous

γ = 0.1 16.8 (0.086) 27.3 (0.139) 18.6 (0.097) 25.3 (0.129)
γ = 0.2 16.9 (0.082) 28.6 (0.141) 17.6 (0.083) 26.8 (0.132)
γ = 0.3 17.4 (0.083) 29.8 (0.143) 16.1 (0.074) 28.2 (0.133)
γ = 0.4 18.3 (0.090) 32.3 (0.145) 14.2 (0.069) 29.5 (0.134)
γ = 0.5 20.0 (0.111) 33.5 (0.147) 12.1 (0.074) 30.9 (0.134)
γ = 0.6 23.2 (0.173) 34.6 (0.149) 10.9 (0.036) 32.0 (0.134)

Base: CES CELS
υ = 0.3 Endogenous Exogenous Endogenous Exogenous

υ = 0.05 19.5 (0.096) 28.2 (0.144) 18.0 (0.089) 26.8 (0.139)
υ = 0.1 17.4 (0.083) 29.8 (0.134) 16.1 (0.074) 28.2 (0.134)
υ = 0.15 15.9 (0.075) 31.4 (0.142) 14.5 (0.063) 29.4 (0.127)
υ = 0.2 – – 13.0 (0.055) 30.5 (0.120)

Table 5: Optimal tax rates t (%) (optimal values for g)—Changing

government parameters

CES
Base: ν = 0 Endogenous Exogenous

ν = 0.99 31.0 (0.139) 43.7 (0.203)
ν = 2 38.3 (0.166) 50.2 (0.229)
ν = 3 42.9 (0.181) 54.2 (0.243)

CES CELS
Base: Λ = 0 Endogenous Exogenous Endogenous Exogenous

� = 0.1 18.1 (0.040) 31.7 (0.108) 17.9 (0.031) 30.3 (0.092)
� = 0.3 19.8 (−0.044) 36.1 (0.041) 23.3 (−0.047) 35.9 (0.015)
� = 0.5 21.6 (−0.125) 41.5 (−0.016) 37.5 (−0.098) 46.6 (−0.044)

Finally, in Table 5, we compute optimum income taxes in the cases where
either the revenue requirement of the government or the elasticity of inequal-
ity aversion is increased. In both cases, the optimum tax rates increase as ex-
pected. Note that the lump-sum transfer g may become negative if the govern-
ment has large revenue requirements. The earlier conclusion that optimum

investments in human capital to rise as a result. More time is spent learning, the tax base
increases, and costs of redistribution fall accordingly. This effect is stronger if the elasticity
is larger.
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tax rates are lower with endogenous learning decisions is also confirmed
here.23

5. Conclusion

This paper augments the standard theory of optimal income taxation with hu-
man capital. Labor supply has now both a quantity dimension (hours worked)
and a quality dimension (acquired human capital). We derived a simple op-
timal tax formula that disentangled the various tax distortions (labor supply
and nondeductible costs of education) that determine the trade-off between
efficiency and equity. Quantitative analysis showed that distortions in labor
supply may substantially increase when learning decisions are endogenous.

We abstracted from the dynamic consistency of the tax policies and sim-
ply assumed that the government can pre-commit. However, in models like
the one discussed in this paper, the government has always the incentive to
renege on its announcement to set a particular tax schedule after the invest-
ments in human capital are made. Accumulated human capital has become a
“fixed” factor that can be taxed heavily without high distortionary costs. If the
government cannot commit, agents underinvest as a consequence (see, e.g.,
Boadway et al. 1996). Future research may show that the case for progressive
labor income taxes may be reduced even further once dynamic inconsistency
issues in policies are taken into account.

In future research one may also allow for imperfect substitution between
labor types on the labor market (see, e.g., Dur and Teulings 2001). Again,
the case for progressive taxes may be weakened because human capital for-
mation contributes to equality since increases in the supply of skilled workers
diminish wage inequality between relatively skilled and unskilled workers.
Therefore, the government may have less need to rely on progressive taxes
to achieve a certain amount of equality.

Finally, one may allow for the presence of obligatory education and/or
education subsidies. Obligatory education reduces the elasticity of broad la-
bor supply with respect to taxes, so that the tax schedule may become more
progressive. Similarly, Bovenberg and Jacobs (2001) show that education sub-
sidies allow the government to tax incomes more progressively, since educa-
tion subsidies reduce the distortions from progressive taxation on human
capital formation. Nevertheless, these policies critically hinge on the power
of the government to affect human capital formation through education sub-
sidies or law. However, a very large part of human capital formation takes

23The optimization routine was not able to compute optimum taxes for the CELS utility
function with positive inequality aversion because utility levels were negative for some
agents due to the scaling parameter θ . This gave a problem that powers had to be raised
to negative numbers. Transformations of the utility function to overcome this problem are
not innocuous, since the amount of redistribution depends on the cardinalization of the
utility function.
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place within the family under circumstances that cannot be easily controlled
by governments through education policy (see also Carneiro and Heckman
2003). If education efforts cannot be controlled effectively through govern-
ment policies, then the results from this paper gain in relevance.
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